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In mid-July, at the Hans Freudenthal Institute , in Utrecht University (The Netherlands), 
the International Group for the Psychology of Mathematics Education (PME) held its 
25th conference. Four dense volumes (edited by Marja van den Heuvel-Panhuizen) 
outline recent research. Here is one snippet. 
Tony Barnard (Kings College, London) and David Tall (Warwick University) discuss 
“Cognitive Units in Mathematical Thinking” (volume 2). A “cognitive unit” is a 
“piece of cognitive structure that can be held in the focus of attention all at one time” 
(drawing on their earlier work: e.g. Journal of Mathematical Behaviour vol 17, no. 4, 
1999, and in ICMI #21, vol. 2, 1997, and #23, vol. 2, 1999). They are particularly 
interested in cognitive units which have many conceptual or mental links with other units 
— what they call “rich internal links”, such as the three equations P = QR, P/Q = R, and 
P/R = Q, which may be regarded as separate pieces, joined by the linking algebraic 
processes that transform each into another. Students act to compress or meaningfully link 
units into larger meaningful organisations — a process of cognitive construction, or 
learning.  
Their research extends earlier constructivist theories such as “encapsulation”(Gray, 
E.M., and Tall, D.O., “Duality, ambiguity and flexibility: A ‘proceptual’ view of simple 
arithmetic’, Journal for Research in Mathematics Education, vol. 26, no. 2, 1994, pp 
116-140), and the ideas of Richard Skemp (Intelligence, Learning, and Action, Wiley, 
1979), and Krutetskii’s process of “curtailment” (The Psychology of Mathematical 
Abilities in Schoolchildren, University of Chicago Press, 1976),.linked with physiological 
understanding of learning as a brain activity (e.g. Rita Carter Mapping the Mind, 
Weidenfeld and Nicholson, 1998). The repeated firing of linked patterns of neurons 
strengthens the likelihood of a neural pattern firing at a later time — “learning” 
interpreted as electrical behaviour of brain cells! Discussing the standard proof that √2 is 
irrational, “proof” involves general kinds of cognitive units and linking. For example, 
moving from √2 = a/b to a2 = 2b2 is an elementary sequence of algebraic operations. But 
the steps from “a2 is even” to “a is even” requires these trickier side-steps (lemma): “a 
must be either even or odd”; “if a were odd then a2 would be odd” (contradicting the 
previous conclusion; hence, reject it); hence “a must be even”. 
The “linear equation schema” can take different forms (Crowley and Tall 1999), such as:  
• the equation y = 3x + 5;  • the graph of y = 3x +5  
• the equation 3x - y = -5;  • the line through (0,5) with slope 3 
• equation y - 8 = 3(x-1) • the line through points (1,8), (0,5). 
Tertiary students may compress these into a single cognitive unit, consisting of distinct 
ideas and procedures, enabling them to transform one form into another. Other students 
may have only partial, not global or overall, links between forms. This connects with 
Hiebert and Carpenter’s metaphors of conceptual hierarchies or webs (in Handbook of 
Research on Mathematics Teaching and Learning, Macmillan, 1992), and the distinction 
between “procedural thinking” that allows limited success in familiar contexts, and 
“conceptual thinking” that adapts more effectively to new problems and contexts or 
unfamiliar forms of problems (e.g. Dubinsky, in Tall Advanced Mathematical Thinking, 
Kluwer, 1991). 
Another example of conceptual networking, or the compressing of separate cognitive 
units into a larger more inclusive (but also unpackable, and interrelatable) unit is the way 
a student sees “sin 60o = (√3)/2”, and relates this with the familiar diagram of a unit-sided 
equilateral triangle; with a perpendicular bisector forming two 30-60-90 degree triangles; 
with Pythagoras theorem; with squaring, square roots and surds; and with geometric 
knowledge about such topics as line segments, triangles, angles, rotation, and similarity; 
and with vocabulary such as “hypotenuse”, “opposite”, “adjacent”, “ratio”, and so on.  
While much of this is familiar — the endless challenge to develop effective instruction 
and robust meaningful learning for a conceptually dense curriculum — it is helpful to 
have a theory of learning that describes the learning challenge without resorting to 
impenetrable jargon. Barnard and Tall’s suggestions for helping students “compress”, or 
make this cognitive construction are similarly familiar common-sense, and reassuringly 
jargon-free. Words (increasingly technical vocabulary, mixed with plain English, and the 
refined uses of everyday words), special symbols (such as √; and notations such as 
fract/ions and powers) and pictures are helpful tools for exploring examples, establishing 
conceptual links, and showing meaningful related steps of argument. 
The term “bifurcation” (borrowed from Chaos theory) describes situations where one 
student responds to instruction in a helpful way, while another’s response will lead the 
student into misconceptions and weak procedures. For example, young students who 
handle addition by a “count all”-process (count one collection, count another, combine 
both collections, and count the result) fail to develop “known number facts” used to 
derive new facts: deriving 3 + 4 = 7 from already knowing 4 + 4 = 8; or 
deriving12 + 2 = 14, because they know 2 + 2 = 4. Another bifurcation can occur with an 
algebraic expression like “2 + 3x, representing a “potential arithmetic”-process: “add 2 
to the product of 3 multiplying whatever number x may be”. A student who believes 
(knows) that an “addition” has one answer (exact, and known), may be baffled by the 
open-ended expression. One way of resolving the confusion (one of the forks or branches 
of the bifurcation) involves learning rote rules (e.g. “collect like terms”, “shift numbers to 
one side and unknowns to the other”). The better way sees the expression as a whole 
cognitive unit that can be manipulated by robust transforming links, building a new 
cognitive unit such as “a linear equation and the method for solving it”. 
For Barnard and Tall, cognitive units may include general strategies, specific information 
(verbal, symbolic or graphic), and routinised sequences of steps (computation, or 
argument), linked together to produce mathematical thinking. That’s what we’re all 
aiming for! 
